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Articleinfo Abstract

Original: 12 July 2016 Logistic Regression Analysidescribes how a response variable having two ore
Revised: 7 November categories is associated with a set of predictaiabkes (continuous or categoric

2016 . . . L .

Accepted: 20 November through a probability functio When the response variable is with only two catiegoa

2016 Binary Logistic RegressioModel is the most widely used approach. The maficiéacy

?ubliszhoeld7online: 20 with this method is in estimatirlogistic parameters numericalby applying Maximum
une

Likelihood Estimation using Newton Raphson Methtthis paper, in order to impro
the efficiency of the parameter estimaffour different modification D-B-N; C-M-J; A-
Key Words: C-T; anq L-W-W-;, -for NRM are introducedeach is an iterative meth.od bzlsised on M
Binary Logistic To specify the efficiency of these approas, based on the number of iterations, all th
Regression, procedures are compared v each other and then witNRM to identify the mos

Maximum  Likelihood efficientone. Finally, practical implementations ftrese procedures agiven.
Estimation,

NRM,

Modified NRM.

I ntroduction

Regression analysis is one of the most populaistta techniques used for analyzing the relatim
between a dependent variable and one or more indepéevariables. Usually, regression analysis éslus
reveal and specify the effect of one vble upon another, one of the set variable is caflegender
(outcome or response) variable denotedY and the other set is called independent (predioi
explanatory) variables denoted ¥y The linear regression model is, under certairditmms a valuable tool
for quantifying the impact of one or more variabtgsa response continuous variable. For situatizmsn
the response variable is discrete or qualitativeeroimethods have been proposed. One of these
Logistic Regression Model (L) or logit model, which specifically deals with eéhcase of binar
(dichotomous) response varialfleampel 2000; Menard 2002; Cramer 2003; Kleinbaum and Klein 2010;
Agresti 2013).Since its development,inary LRM has become one of the most widely useatistical
procedures employed by statisticians and researdberthe analysis of binary and proportional ress
data in many fields of research studies suchealth sciencedusiness, engineering, the physical scier
economics, management, lifexch biological sciences, the social sciences, andynaher discipline:
(Montgomery and Peck 1982; Yarandianiand Simpson 1991; Reilly et 2009; Hassanien et al. 201«

For estimating logistic parameteMaximum Likelihood Estimation (MLE)s normally usecHosmer
and Lemeshow 2013However, inapplying MLE a system of nolimear equations is obtained; the solut
of such system is not easily derived algebraig@lpert and Anderson 1984In order to solve such syste
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to get numerically estimated solutions, iterativetimods are used. One of the most popular approsinat
method is Newton Raphson Method (NRM), which isedl+known iterative formula used to find the roots
of nonlinear equations (Bdirael 1966; Green 1984; Kelley 1995; Serfling 1980; Mak 1993; Givens and
Hoeting 2013; Demira and Akkusb 2015).

In this paper, following introduction, binalygistic regression and parameter estimation mestaoée
introduced. Next, NRM and all four modificationg f’dRM are introduced along with their procedured an
then these algorithms are compared. Finally, timelasion for this study is given.

The Binary Logistic Regression and Parameter s Estimation M ethod

Suppose a binary random variablevhere = (y4,y,, ..., yy)7, €achy;, i = 1,..., N follows a Bernoulli
distribution thaty; take either the value 1 or the value 0 with prdigbr;(x), 1 — m;(x) respectively
wherem;(x) is the mean of the binary variable representireg dbnditional probabilityp(y; = 1|x) and
x = (X0, Xi1, Xiz, -, Xir) € RET1is a vector o + 1 explanatory variables.

The LRM relatesr; (x) through a logistic function, to variation in thepéanatory variables.

The described from of the LRM with unknown paramee= (B,,f;, ..., fx)T With x;, = 1 is given by

e k=0 BrXik )
m(x) = ————
i) 1 + eZk=oBr¥ik

the specific transformation af;(x) is called the Logit transformation; it is given by
logit(m;(x)) = In (M)

1-m;(x)
Equation (1) can be rewritten as
logit(m;(x)) = X'
If a sample ofN —independent observatiof(y;, x;)};=1..n € [{0,1} x R¥*1]N wherey; represents a
binary outcome value, ang is the predictor value for thé& subject (Rashid, 2008).

To find the MLE forf, the likelihood functior.(p) is defined as

N
i ni—=yi
L) = | |m@(1-m) @
i=1
Substituting (1) in (2), obtain:
~ k=0 Bicxik Vi e k=0 BiXik ni=Yi
= [ (i V(L _eebe
& i=1 \1+ eZic-o Pixit 1 + eZk=o Brik
N
[ J(erman) (4 ton) o

Il
-

1

Taking the natural log of (3) yields the log likediod function:

N K
I(B) = log(L(ﬁ)) = z [J’i (Z .kaik> —n;log (1 + eZk=o ﬁkxik)] (4
i=1 k=0

To find the critical points of(f)

N
T = ) Dt~ mi(3)xie] = 0 (52)

i=1
Then, equation (\ref{eq:ch3:3.5a}) can be expressed matrix multiplication as follows:
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CB=UPB)=X"B (5b)

Wherel' (B) is a column vector of lengtki + 1 whose elements a%;ﬂ,k =0,1,..,K, likewiseu is a
k

column vector of lengttV with elementsy; = n;m;, i.e. u = (nymy,nymy, ..., nymy)7T, andX7 is a(K +
1) x N matrix.

The ML estimates fgf can be found by setting each of e 1 equations in (5) equal to zero and
solving for eachB,. In order to maximize the estimates eachkof 1 equations are differentiated with
respect t@,, denoted by, /. The general form of the matrix of second padeivatives is

2*UB) _ BN
0Bdfi OB 4
N

=— Z nxt; () (1 — ;) )
- (6a)

[yixie — nym; () x]
-1

Wherek = 0,1, ..., K andk’ = 0,1, ...., K.

Equation (6a) can be expressed in term of matrilipfication H(f)
H(B) = —-X"DX
H(p) is called Hessian matrix, whebe is N x N diagonal matrix.

Setting the equations in (5) equal to zero tesola system ok + 1 nonlinear equations each wikh+ 1
unknown variables. The solution of the systemvs@tor with elements3;,.

After verifying that the matrix of second pattikerivatives is negative definite, and that thkigon is the
global maximum rather than a local maximum, thencase conclude that this vector contains the paramet
estimates for which the observed data would hagehtghest probability of occurrence (Van Den Bexy,
al. 1984).

However, solving this system of nonlinear equratjdescribed by (5), is not easy; the solution cannot be
derived algebraically as it can be in the caseirdfar equations. For solving such nonlinear systie,
classical NRM has been applied to reach at theoappated estimates for parameters.

In this study, in order to improve parameteiinastes resulting from applying NRM, various itevati
techniques are studied. These methods are moitifisaior NRM but with more efficient results.

In the following, NRM is first introduced andei the four iterative methods are proposed; they ar
modification for NRM and applied to the system géiations described by (5).

Newton-Raphson M ethod

Consider the system of nonlinear equati®(g) = 0, for solving this system, if an initial gueg& is
computed from the observed data, then

BT = g — [H(BM)] " 6(B™) @)

HereG'(B™) refers to the derivativé (™).

Equation (7) is called the NR formula for sotysystem of nonlinear equations of the fatgg™) = 0.
For solving such system using (7), an initial guesshe root is computed. Assume tigsf) is that guess,
the next valugB™ will be determined. This iterative process willntaue until the desirable root is
obtained:; it is with |3 +V — B™)|| < ¢ for some specific valugr = 0,1, .....

Remark:

L G'(B)=H(B).
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i.  Aninitial guess8® = (XTX)~1X7TQ, is determinate from (5 is a column vector with length;
it is calculated from the observed data and hasei¢sQ; = log( Yi )

ni=yi

The following algorithm shows the procedure for NRbplied to (5).

Algorithm 1
For solving the syste(f) = 0, the main steps for the algorithm is summarized as
i.  Setr = 0: Find an initial guesg®;
i. ComputeH'(B");
iil. Evaluate
BUr+D = gir) [H(,;(r))]‘lg(ﬁ(r));
iv. If || — BM|| > ¢, thenr = r + 1 and return to ii;
v. Stop.

Modified Newton Methods

The main goal in this work is to improve thificeency of the parameter estimates when solving t
systemG(B™) = 0 which is obtained by NRM. For this purpose, foiifedent iterative methods are
proposed; each one is a new modification for NRM, ¢an approach at the true value with less it@nati
than that in case of NRM.

The four iterative methods proposed in this stugyitroduced below:
D-B-N Method

For this method, to solve the nonlinear sys&y(™) = 0, an iterative technique proposed by Darvishi
and Barati (Darvishi and Barati (2007)) is appletijch is a modification for NRM.

In this method, first by applying NRM, a raet® at an initial guesg(® is found. Then, to compute a
new root, sayB™), D-B-N method is implemented. The process contnuetil an efficient estimate is
obtained.

The general form D-B-N method, for solving gystemG (8™) = 0, is
BU+D = g _ [H(ﬁ@)]‘l ( G(B™) + G(a(r))) (8)
where

a = g _ [H(ﬁ(r))]_l(;(ﬁ(r)) 9)

Therefore, eacle™ is computed by applying NRM g™ with an initial guess8® computed first,
=0,1,....

The main steps for this method is described bydtewing algorithm.

Algorithm 2
The following step explains the algorithm for salyithe nonlinear syste@(g™) = 0:
i.  Setr = 0: Find an initial guesg®;
i. ComputeH'(B");
iii. Evaluate
a® = gm — [H(ﬁm)]‘l(;(ﬁ(r));
iv.  Determine parameter estimates
Br+D = g _ [H(/;(r))]‘l ( G(B™) + G(a(r)));
v. BT — BM|| > ¢, thenr = r + 1 and return to ii;
vi.  Stop.
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C-M-T Method
The second iterative procedure for solvingapstemG (B™) = 0, is a technique proposed by Cordero-
Torregrosa (Cordero A., et al., (2009)).

In this method as for D-B-N technique, the solutionthe system is performed by applying NRM fitst
obtaina™ and then using™ to computey™, where

a® = g0 — [H(B™)] ¢ (BM) (10)
and

y® = @ —[-2H(B") + 6H(a)| " [H(6) + 31 (a)]{H(E)] " 6(5)
Hence,a™ andy™ are used to compute approximated values for g8+, where
BUHD = B — [—~H(BM) + 3H(a(r))]_1G(y(T)) (11)

B(O) is an initial guess for the process= 0,1, ... .
The algorithm describing this approach is giverobel

Algorithm 3

Algorithm 3 display the main steps for C-M-T method
i Setr = 0: Find an initial guesg’;
il. ComputeH’ (B");
iii. Evaluate
a® = pgm — [H(ﬁm)]‘l(;(ﬁ(r));
y® = a—[2H(BM) + 6H(ﬁ(r))]_1[H(B(T)) + 3H(B(r))][H(5(r))]‘1 G(BM);

iv. Determine parameter estimates
BUHD = BT — [-H(B") + 3H(a®)] G (y™);
V. If ||BT+D — BM|| > ¢, thenr = r + 1 and return to ii;
Vi. Stop.
A-C-T Method

This approach is another iterative techniquepgsed by Abad-orregrosa (Abad, et al. (2013)); it is
based on the D-B-N method.

In this method, the iterative formula, for\eob G(B8) = 0, is conducted whea™ is a solution obtained
by Newton's method and™ is another solution which is found by applying ENBmethod, for initial guess
B, r=0.1,...

Therefore, the procedure for this method is agfet

First
a® = g — [H(BM)] " 6(B™) (12)
and then
y® =po— [H(ﬁ@)]‘l ( G(B™) + G(a(r))) (13)
Finally, the next parameter estimate found by A-8dthod, at a poirt™ andy™, as
BU+D = ) [H(a<r>)]‘lg(y<r>) (14)

The main steps for the procedure is summarizethdydlowing algorithm:

Algorithm 4
The following steps, display how to find paramegstimates by A-C-T method:
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i.  Setr = 0: Find an initial guesg®;
ii. ComputeH'(B);
iii. Evaluate
a® = O — [H(B™)] ' ¢(BM);
y® =pr— [H(ﬁm)]‘l ( G(B™) + G(am));
iv.  Determine parameter estimates
BUHD = () [H(a(r))]‘lg(,,(r));
v. BT — BM|| > ¢, thenr = r + 1 and return to ii;
vi.  Stop.

L-W-W-Z Method
The fourth modification for NRM is introduceitlis proposed by Li-Zhang (Li X., et al., (2013l this

method, the same technique of D-B-N is applied, @rath the iterative steps of L-W-W-Z is applied to
obtain new estimates.

In this method, iix™ is obtained from NRM, using an initial gugg$’ as

a® =g — [H(I;<r>)]‘1g(,;<r)) (15)
thena( is used to compute a value §f> from the following
y® =gr_ [H(ﬁ@)]_l ( G(B™) + G(a(r))) (16)
Hence, a new guess fﬁﬁ”l),r = 0,1, ... can be determent from (16) where
D =yO—[HEO) 6 (@) - [HE)] 6 (vO - [HE)] T 6(r)) an

The algorithm that can describe these iterativessigeshown below:

Algorithm 5
The following steps, display how to find parametesimate by A-C-T method:
i. Setr = 0: Find an initial guesg?’;
ii. ComputeH'(B");
iii. Evaluate
a® =g — [H(I;(r))]‘l(;(,;(r));
r? = BO—[H(E)] (6(8) +6(a)):

iv. Determine parameter estimates
B =yO—[H( )] 6 () - [ )] 6 (v - [ )] ()

v. If [|BU*D — B™)|| > &, thenr = r + 1 and return to ii;
vi. Stop.

Numerical example
To compare the four iterative numerical methadmely D-B-N, C-M-J, A-C-T, and L-W-W-Z studied
in this paper compared to the classical NRM, mbestone example have been implemented; one of such
examples considered here is Example (1). In thésngke, the stopping criterion is wher= 107%; 10719,
the iterative proceses terminate when,
i [IBTY - gD < e
i. |G <e

Matlab program has been used to perform all algorithms; Algorithm 1-5.
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Application

The numerical example in Table (1), whichiigeg by Agresti (2013), is used for the implemeptaof
all algorithm. This data was reported by Cornfi€l®62) for a sample of male residents of Framingham
Massachusetts, aged 40-59, classified into 8 sulpgr@according to blood pressure. During a six-year
follow-up period, they were classified accordingvtbether they developed coronary heart disease. i$hi
the response variable. The explanatory variablthénmodel is the valueg; which represents the blood
pressure in subgroupi = 1,2,...,8.

Table-1: Cross-Classification of Framingham MerBbyod Pressure and Heart Disease.

Heart Disease

i Blood Pressure X; Presenty; Absent(n; — y;) n;
1 <117 111.5 3 153 156
2 117 — 126 121.5 17 135 252
3 127 — 136 131.5 12 272 284
4 137 — 146 141.5 16 255 271
5 147 — 156 151.5 12 127 139
6 157 — 166 161.5 8 77 85
7 167 — 186 176.5 16 83 99
8 > 186 191.5 12 35 47

Solution: Assume that the LRM fitted for data in table id)
i(x)
Log( e )=,30+,31xi

1-m(x)
To estimate parametefyy and §; by applying the four iterative methods in addititm NRM. If
[|BT+D — BM)|| < ¢, then the numerical solution are displayed infthiewing tables (Table (2) and Table

(4))-

i. If e =107% then
Table-2: Numerical Result for Example 1 where
© = (B, B9 = (—6.489659818528843,0.026725954325005 )"

Numerical M ethods Iterative Approximation Solution
NM 204 (—6.0820534111728515,0.0243383610352202)"
D-B-N 110 (—6.0820425954692698, 0.0243382980036358)
C-M-J 90 (—6.0820408090510698, 0.0243382875927755)"
A-C-T 76 (—6.0820396420328091,0.0243382807916445)T
L-W-W-Z 59 (—6.0820376433997430, 0.0243382691440412)"

The following table represents the same téhlevhere each value is approximated to 6 decimal

place.
Table-3: Numerical Result for Example 1 where
© = ({9, p9) = (~6.489659818528843,0.026725954325005 )"
Numerical M ethods Iterative Approximation Solution
NM 204 (—6.082053,0.024338)7
D-B-N 110 (—6.082042,0.024338)7
C-M-J 90 (—6.082040,0.024338)7
A-C-T 76 (—6.082039,0.024338)7
L-W-W-Z 59 (—6.082037,0.024338)7
Therefore,

m; (x)
L ————— | = —6.0820 + 0.0243x;
O‘g(l—rri(x)) + X;

i. If e=107°,then
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Table-4: Numerical Result for Example 1 where
© = (B, g = (~6.489659818528843,0.026725954325005 )"

Numerical M ethods Iterative Approximation Solution
NM 204 (—6.082033,0.024338)7

D-B-N 110 (—6.082033,0.024338)7

C-M-J 90 (—6.082033,0.024338)7

A-C-T 76 (—6.082033,0.024338)7
L-W-W-Z 59 (—6.082033,0.024338)7

Therefore,
Log <ﬂ> = —6.0820 + 0.0243x;
1-m(x) '
Results and Discussion
The results given by both tables, (Table (&) @able (4)) shows that L-W-W-Z method is moreceght
than the other three techniques, including NRM when applied to the system of equations described by (5);
this method computes an approximated value fop#inameter estimate with less number of iterations f
both cases when= 10%; 10710,

Remark:
The implementation of these iterative methtodhie same system using another set of data giyen
Hosmer (2013) Example 1.1 (page 2) resulted ousdinge conclusions.

Conclusion

Binary LRM is a widely used approach for amalg categorical data, the main deficiency withsthi
method is in estimating parameters numerically.n\aly, to estimate logistic parameters, MLE is &bl
Despite its simplicity, using MLE ends up with assgm of non-linear equation, which is known to be a
complicated system. In order to solve such nomalirsystem of equation, numerical methods are W3gd.
of the most popular numerical method, which istarative method, is NRM.

In this paper, four different modificatiorns,B-N; C-M-J; A-C-T; and L-W-W-Z for NRM are proposed and
their algorithms are introduced. All these appreachre iterative methods too; they are modificatifor
NRM but each with a new technique. Then, to speitiymost efficient method including NRM, all these
new procedures are compared with each other and wlign NRM using a numerical example as an
application. From the implementation of the givearaple it is shown that the fourth method, namelvL
W-Z method, is the one that approaches the trugeveldith less iteration. The same procedure forethes
methods has been applied to another data systethesdme conclusion has been obtained.

In this paper, only Binary LRM is considerdtl;is recommended here to extend these proposed
procedures to the case when multinomial regressimtel is included.
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